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Abstract 
 
The objective of this paper is to move a load hanging under a very long rope from one place to another and to 

suppress the transverse vibrations of the load at the end of movement by adaptive control. The disturbance affecting the 
gantry motion is estimated and is incorporated into the control law design. The control command is given as a function 
of the position and velocity of the trolley, the hoisting speed, the sway angle of the rope at the gantry side, and the 
estimated disturbance force. The Lyapunov function taking the form of the total mechanical energy of the system is 
adopted to ensure the uniform stability of the closed-loop system. Through experiments, the effectiveness of the 
proposed control law is demonstrated. 
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1. Introduction 

Cranes are widely used to transport loads from one 
place to another in various areas: ports, warehouses, 
factories, construction sites, nuclear facilities, and 
others. Since the movement of the trolley sways the 
load during its movement, the main issue in a crane 
system is the quick suppression of vibrations caused 
by the trolley motion. In addition, a residual sway 
occurs at the end of the trolley movement due to 
crane dynamics and disturbances like winds. Thus, 
researchers working in the area of crane control have 
always targeted sway suppression.  

In modeling crane dynamics, two approaches are 
used. The first approach is the lumped-mass approach, 
in which the hoisting rope is modeled as a mass-less 
rigid rod and the payload is modeled as a lumped 
point mass. The sway motion is modeled as a 

pendulum motion in two or three dimensional space. 
Therefore, an ordinary differential equation (ODE) 
model is used in deriving the control laws. Numerous 
papers on crane control using this approach have 
appeared in the literature [1-14]. Another approach is 
the distributed parameter system approach, in which 
the hoisting rope is considered as a string (distributed-
mass). A typical assumption in the second approach is 
that the rope is perfectly flexible and inextensible. In 
this case, the dynamics of the crane system is 
expressed as a coupled ODE and partial differential 
equation (PDE): the trolley motion is given in the 
ODE form and the rope dynamics is given in the PDE 
form [15-19]. By using the PDE form, the payload as 
well as the rope motion is described exactly, 
especially when the rope length is very large and the 
payload is very heavy. In addition, the vibration of the 
rope that affects the payload motion during the trolley 
movement is also more accurately suppressed, ex-
pecially, when it is considered as the flexible system 
[20-24]. 

Sway suppression using a PDE model has been 
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investigated recently. Rahn et al. [15] developed a 
proportional, derivative, and coupling amplification 
control law using a flexible cable model. A root locus 
analysis based on Galerkin’s method for tuning 
control gains was another interesting feature of their 
work. d'Andrea-Novel et al. [16] developed a hybrid 
ODE-PDE model for overhead cranes and provided 
the asymptotic stability of a closed-loop system under 
the assumption that the rope length was constant. In 
[17], they also established the uniform exponential 
stability of the closed-loop system of their original 
problem by adding an angular-velocity feedback of 
the rope in addition to the displacement feedback, the 
velocity of the trolley and the angular-displacement of 
the rope. In [18], d’Andrea-Novel and Coron pro-
posed a torque control to stabilize an overhead crane 
with a variable-length flexible cable. On the other 
hand, Kim et al. [19] modeled a container crane as an 
axially moving string system and proposed a 
boundary control law utilizing the hoisting speed as 
well as the sway angle of the rope. In their work, the 
Lyapunov function approach was adopted in ensuring 
stability. 

In this paper, an axially moving string model for 
container cranes with changing the rope length is 
firstly introduced [19]. Considering the variation of 
the rope length and the disturbance effect on the 
gantry motion, an adaptive control law is derived, in 
which the disturbance as rail friction, frame vibration, 
etc, is estimated. When the load is hoisted arbitrarily, 
the uniform stability of the closed-loop system with 
the proposed control law is proven by a properly 
chosen Lyapunov function. The control performance 
was improved by the derived control law from that 
achieved by a few representative control algorithms 
in the literature, as demonstrated with experimental 
results. 

The paper is structured as follows. In Section 2, the 
equations of motion of a container crane, modeled as 
an axially moving string, are briefly discussed by 
using the extended Hamilton’s principle for systems 
with changing mass. In Section 3, an adaptive control 
scheme that suppresses the transverse vibrations to 
guarantee the stability of the crane system is pre-
sented. In Section 4, experiments are performed to 
verify the effectiveness of the designed control law. 
In Section 5, conclusions are provided. 
 

 
2. Equations of motion 

Fig. 1 shows the schematic diagram of a typical 
rope-driven-type container crane consisting of the 
trolley (gantry), the hoisting rope, and the spreader 
including a payload. The payload is grabbed by the 
spreader and they are hung from the gantry by a 
flexible rope having length l(t), and mass density ρ 
kg/m. The rope is assumed to be perfectly elastic, is 
assumed to offer no resistance to bending, and has 
negligible extension from the static equilibrium state 
(owing to the load) due to sway. The transverse 
vibration ( )txw ,  of the rope depends on both the 
spatial variable x and time t. The masses of the gantry 
and the payload are mg and m, respectively. A control 
force fg(t) is applied to the gantry, and the gantry is 
affected by disturbance force d(t). The trolley 
movement to its target position gives rise to the lateral 
vibrations of the rope (due to flexibility) as well as the 
sway motion of the spreader. In an actual crane, four 
ropes are used to hoist the spreader (payload). But, for 
simplicity, the use of one rope is modeled in this 
paper. The dynamics of the hoisting rope is modeled 
as an axially-moving string system. It is assumed that 
the motions of both the spreader and the rope occur in 
a vertical plane, that is, the X-Y plane in Fig. 1. 

Let t be the time, x be the spatial coordinate in the 
X-axis, g be the gravitational acceleration, and P (x, t) 
be the tension along the rope caused by the weight of 
the rope as well as that of the payload. The tension is, 
therefore, spatially-varying. By assuming that the 
sway angle is relatively small, the tension along the 
rope is simplified as follows [25]. 

 
 

 
 
Fig. 1. Schematic of a container crane system. 
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( ) ( )( )( ))()(, tlgxtlmtxP &&−−+≅ ρ .  (1) 
 
For notational convenience, P, w, and l will be used 
instead of P (x,t), w (x, t), and l (t), by omitting the 
independent variables x and t. 

The potential energy of the crane system due to 
transverse rope displacements is given as follows. 
 

∫=
l
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0

2

2
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The kinetic energy of the entire crane system is given 
by 
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where the first, second, and third terms are the kinetic 
energies of the gantry, the rope, and the payload, 
respectively. It is noted that the second term includes 
the axially translating kinetic energy of the rope due 
to hoisting (i.e., 2l&  terms) as well as the transversal 
vibration energy of the rope (i.e., ( xt wlw &+ )2 terms). 
Because the rope length l (t) changes with time, the 
domain of integration in (3) for spatial variable x is 
time-dependent. The work done by the control force 
fg (t) and disturbance force d (t) is given by 

 
( ) ( )( ) ( )twtdtfW g ,0−= .  (4) 

 
For (2)-(4), the application of the extended 
Hamilton’s principle, i.e., 
 

( ) 0
2
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yields the system equation as 
 

( )xxxxttt wlwlwlw 22 &&&& +++ρ  
( ) 0=− xxPw , lx <<0 ,  (6) 

 
and the boundary conditions as 
 

( ) xxtttg Pwwlwlwm −++ &&ρ  

           ( ) )(tftd g=+ , at x = 0,  (7) 

( ) 02 2 =++++ xxxxxttt Pwwlwlwlwm &&&& , at x = l, (8) 
 
where (7) and (8) are the dynamics of the gantry and 

the payload, respectively. 
 

3. Control law design 

Control objectives in this paper are, first, to move 
the load to a desired position dw , which is normally 
given as a fixed value, and second, to suppress the 
payload transverse vibration to zero when the gantry 
reaches the target position. The disturbance cannot be 
measured, so it is estimated. Assuming that the 
magnitude of the disturbance ( )td  is dµ , where 

dµ is an unknown positive constant. The direction of 
the disturbance is opposite to that of the trolley 
velocity and it can be given as ( ) ( )( ) dt twtd µ,0sgn−= . 

Theorem: Consider the plant (6)-(8). The control 
law  
 

( )( )dg wtwkf −−= ,01 ( )twk t ,02−   
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and the adaptive law 
 

( )( ) ( )twtw ttdd ,0,0sgnˆ γµ −=&   (10) 
 
guarantee the uniformly stability of the closed-loop 
system, and ensure that ( ) dwtw →,0  as ∞→t , 
where 1k , 2k , α , and dγ  are positive constants, 

dµ̂  is the adaptive estimate of dµ , and  
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where 0δ  is a positive constant. 

Proof: The Lyapunov function method, which 
eventually guarantees the uniform stability of the 
closed-loop system, is adopted. First, the positive 
function, in the form of the total mechanical energy of 
the system, is considered as follows. 
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where µµµ −= ˆ~ . The time derivative of (12) is 
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calculated as follows. 
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where ( ) ( )( ) dt twtd µ,0sgn−= . A jerk ( )tl&&&  in the 
first term generates either a stabilizing or a 
destabilizing effect. In this paper, the hoisting rope 
length l (t) is treated as a second-order polynomial in 
time, thus ( ) .0=tl&&& During extension ( )0>l&  or 
retraction ( )0<l& , the second term in (12) is a 
negative or positive value corresponding to the 
decrease or increase of the vibration energy and also 
generates either the stabilizing or the destabilizing 
effect. However, the destabilizing effect can be sup-
pressed by making the third term sufficiently large 
[25]. 

The substitution of (9) into (13) yields 
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Applying the adaptive law (10) to (14), Eq. (14) 
becomes  
 

( ) =tV& ( )( )
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2
01
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            ( ) 0,02
2 ≤− twk t .  (15) 

 
It is noted that ( ) ( )( )( )ltwtw tt

&
0,0,01 σ+−  in the 

first term is always positive by the definition of 0σ  
(11); then, (15) ensures the uniform stability. The 
proof is completed. 

Remark: Note that if 0=l& , the material deri-
vative can be replaced by partial derivative and (13) 
becomes 
 

( ) =tV& ( ){ xgt Pwdfw 1−−+ α }
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And the proposed control law (9) can be reduced as 
follows. 

( )( )dg wtwkf −−= ,01 ( )twk t ,02−  

     ( ) ( ) ( )twtP x ,0,01−+ α  ( )( ) dt tw µ̂,0sgn− . (17) 
 

4. Experimental verification 

In an experiment, the InTeCo 3DCrane (Poland) 
was used, whose the mass per unit length of the rope 
and the mass of the payload were 01.0=ρ  kg/m and 

73.0=m  kg, respectively. This control law is 
compared with that of Rahn et al. [15] and a well-
tuned PD controller, for verification. The experiment 
consisted of the gantry transport from 0.2 m to 1.5 m 
and up/down hoisting of the payload from 0.4 m to 1 
m. The sway angle of the rope was a comparison 
criterion. 

 
4.1 Rahn’s control law 

The proposed control law in [15] for a flexible 
cable gantry crane is given as follows. 
 

( ) ( )( ) ( )twKwtwKtf tdg ,0,0 21 −−−= ( )twK x ,03+ , (18) 
 
where K1, K2 and K3 are the control gains: They are 
set to 10, 3 and 12, respectively, in this experiment. 

 
4.2 PD controller 

The conventional PD controller is given by 
 

( ) ( ) ( )tktektektf adpg θ++= )(& ,  (19) 
 
where dp kk ,  and ak  are the proportional and 
derivative gains associated with the trolley position 
and the sway angle in suppressing the vibrations of 
the load and ( ) ( )twwte d ,0−=  and ( )tθ  are the 
position error and the sway angle, respectively. After 
numerous trials, the parameters of the PD controller 
are set to 10=pk , 3=dk , and 12=ak . 

  
4.3 The proposed adaptive control law 

The proposed adaptive control law is given in (9). 
The disturbance can be estimated by using the 
adaptive law (10).  

 
4.4 Results and discussion 

Fig. 2 presents the response of (9) with 51 =k , 
2 5k = , 3α =  and 10 =δ  when the gantry travels 

from 0.2 m to 1.5 m and the rope length is 1 m 
(constant). In the case of a constant rope length, as 
seen in Fig. 2(b), the sway angle reduces to zero imm- 
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Fig. 2. Control performance with the proposed control law 
(9): The rope length is constant (1 m). 
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Fig. 3. Comparison of (9), (18), and (19) using the same 
experimental set up: The gantry travels from 0.2 m to 1.5 m 
and the rope length is constant (1 m). 
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(a) Extension the rope from 0.4 m to 1.0 m 
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(b) Shortening the rope from 1.0 m to 0.4 m 

 
Fig. 4. Comparison of (9) and (18): When the rope length was 
extended, the amplitude at the second peak was improved by 
40 %. 
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(a) Extension the rope from 0.4 m to 1.0 m 
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(b) Shortening the rope from 1.0 m to 0.4 m 

 
Fig. 5. Comparison of (9) and (19): With the estimation of the 
friction, the sway angle was further reduced. 
 
 
ediately when the gantry reaches the target position. 
The position of the trolley has a small and acceptable 
overshoot. In this experiment (constant rope length), 
the control performance of the proposed control law 
showed no difference from those of Rahn’s control 
law and the PD controller, as shown in Fig. 3. 

Fig. 4 compares the sway angle of the proposed 
control law (9) with that of (18) for the rope length 
changing from 0.4 m to 1.0 m. The amplitude of the 
sway angle (at the second peak, they are 0.75 radian 
and 0.4 radian, respectively) was improved by 40% 
during the extension process. As shown in Fig. 5, the 
same conclusion can be drawn from the comparison 
of the adaptive control law with the PD controller 
(19) under the same experimental conditions. 
 

5. Conclusions 

In this paper, an adaptive boundary control for 
container cranes from the perspective of controlling 
an axially moving system with arbitrary rope length 
was presented. The consideration of cranes as an 
axially moving system [26-36] has become appro-
priate as cranes have become larger to deal with 
mega-size container ships. In this study, the proposed 
control law was applied to only a pilot crane to show 
its ability to improve sway suppression, but if it is 
applied to a crane with a very long rope, it will show 
an even higher control performance. 
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